The Number of Plane Trees  by Harary, Frank et al.
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THE NUMBER OF PLANE TREES 
BY 
FRANK HARARY1), GEERT PRINS AND W. T. TUTTE 1) 
(Communicated by Prof. N. G. DE BRUIJN at the meeting of March 21, 1964) 
A tree is a connected graph containing no polygon. Obviously every 
tree can be embedded in the plane (with no two distinct edges inter-
secting), i.e. every tree is planar. A tree which is so embedded is called 
a plane tree. A rooted (plane) tree is a (plane) tree in which one vertex 
is distinguished as the root. A planted plane tree is a tree rooted at an 
end vertex, i.e. a vertex of valency 1 (sometimes called degree 1). Given 
a tree T and adjacent vertices p and q ofT, the planted tree defined by 
the root p and all vertices and edges of T accessible from p via the edge 
pq is called a branch at p of T. 
Two trees are isomorphic if there is a l - l mapping of the vertices of 
one onto those of the other which preserves adjacency. Two plane trees 
are map-isomorphic if there exists an orientation-preserving homeo-
morphism of the plane onto itself which maps one onto the other. Clearly 
map-isomorphic plane trees are isomorphic. Similarly two rooted (plane) 
trees are (map-) isomorphic if there exists a (map-) isomorphism between 
them in which the roots correspond. 
When we embed a tree in a plane, we induce a cyclic order on the 
branches at any vertex. This leads to an alternative and more useful 
definition of a map-isomorphism of rooted plane trees: it is an isomorphism 
which preserves the root and the cyclic order of branches at corresponding 
vertices. 
The purpose of this note is to count, for each positive integer n, the 
number of non-map-isomorphic plane trees with n vertices. This will 
be accomplished by counting first planted plane trees and then rooted 
plane trees. 
l. Planted plane trees, rooted plane trees, and just plain plane trees 
LetT be a planted plane tree with root v0• Let u be the vertex adjacent 
to vo. Let us consider in how many ways we can permute the branches 
at u so that the resulting tree is map-isomorphic toT. We have seen that 
such a permutation must be cyclic. Also vo must map onto itself. We 
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conclude that the only allowable permutation is the identity. We now 
apply the well-known enumeration method of P6LYA [6]. A discussion 
of that method, in the form used here, and an explanation of the cor-
responding notation and terminology is given in HARARY and PRINS [ 4 ]. 
In particular, for the identity group In and the cyclic group On of degree 
n and of order 1 and n respectively, and for any series f(x), we write: 
00 00 
Z(100 , f(x))= ! Z(In, f(x))= ! (f(x))n 
n=O n=O 
00 
Z(C00 , f(x))= ! Z(Cn, f(x)). 
n=O 
By the above considerations the configuration group (see [4]) is the 
identity group. Let 
00 
P(x)= ! Pnxn, 
'11=1 
where Pn is the number of planted plane trees with n vertices. We obtain 
immediately: 
Theorem 1. 
The following form of this result is more explicit: 
Corollary 1a. 
P(x) = ~(1-(1-4x)Y.)= ! .!.(2n- 2) xn+l. 
2 n=l n n-1 
Proof of the Corollary. 
By the theorem, 
00 
P(x) = x2 I (x-1 P(x))n 
n=O 
1-x-1 P(x) = x-P(x)" 
Hence P2(x)-xP(x)+x3=0, and therefore 
X P(x) = 2 (1-(1-4x)Y.), 
since the coefficient of x in P(x) must be zero and the other coefficients 
are positive. The proof of the corollary is completed by expanding this 
last expression routinely by means of the binomial theorem. 
The first few terms of P(x) are given by: · 
(1) 
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It is a curious fact that P(x) also counts the planted plane trees in 
which each vertex has valency l or 3. The dual form of this observation 
asserts that P(x) counts the number of ways of subdividing a convex 
n-gon into non-overlapping triangles by means of diagonals. W. G. BROWN 
[l] points out that the result has been rediscovered many times, and 
traces it back to EuLER [2]. 
The observation that P(x) enumerates two different classes of plane 
trees has caused us to search for a l- l correspondence between the 
two classes, with the result presented in § 2. 
We now count the rooted plane trees. Clearly an ordered set of planted 
plane trees defines a rooted plane tree, and two such sets determine 
map-isomorphic rooted plane trees if and only if there is a cyclic permuta-
tion taking one set into the other. Let 
00 
T(x)= L Tnxn, 
n~l 
where T n is the number of rooted plane trees with n vertices. Then we 
have just established the formula: 
Theorem 2. 
T(x) =xZ(C00 , x-1 P(x)). 
We calculate : 
(2) T(x) =x+x2+ 2x3+4x4+ l0x5+ 26x6 + 80x7 + .... 
To find the number of (unrooted) plane trees we apply OTTER's method 
[5] as used several times in HARARY and PRINS [4]. For any tree T, we have 
P+L*-L=l, 
where Pis the number of dissimilar vertices, Lis the number of dissimilar 
edges, and L* is the number of "symmetry edges", either 0 or l, ofT. 
Summing this result over all plane trees, we find that 
t(x) =T(x) -L(x) +L*(x), 
where t(x), L(x) and L*(x) are the counting series respectively for plane 
trees, plane edge-rooted trees, and plane trees with an edge of symmetry. Let 
8 2 be the symmetric group of degree 2. We find by standard procedures that 
Hence we obtain 
Theorem 3. 
L(x) =Z(S2, x-1 P(x)), 
L*(x) =x-2 P(x2). 
t(x) =T(x) -Z(S2, x-1 P(x)) +x-2 P(x2) 
l 
= T(x)- 2x2 [ P2(x)- P(x2)]. 
Substituting equations (l) and (2) into Theorem 3, we find 
(3) t(x) =x+x2+x3+ 2x4+ 3x5+ 6x6+ l4x7 + .... 
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2. A correspondence between planted plane trees 
In this section we do not distinguish between two plane graphs which 
can be transformed into one another by orientation-preserving homeo-
morphisms of the open plane. In particular we do not distinguish between 
two map-isomorphic plane trees. We find it convenient to close the plane by 
adjoining a point V00 "at infinity" and we treat this point as invariant. 
A trivalent tree is a tree in which each vertex is either monovalent 
(an end vertex) or trivalent (a vertex of degree 3). We write Wt for the 
class of all planted trivalent plane trees with i + 1 end vertices, and Z1 
for the class of all planted plane trees with i + 1 vertices ( i;;;;. 1 ). Our 
object is to exhibit a 1-1 correspondence between Wt and Zt. 
Our method is closely related to that of FoRDER [3] who represents 
polygons, subdivided into triangles by means of diagonals, by rooted 
trivalent trees. These subdivided polygons, slightly modified, appear 
below as the members of the set Yt. We find also a relation between 
the members of Yt and the general planted plane trees. We then combine 
the two correspondences. The detailed analysis shows that the resulting 
correspondence between Wt and Zt is closely related to the notion of 
topological duality for plane maps. 
The embedding of a plane tree T in the plane fixes a cyclic order of 
the end vertices. We can use T to define a map on the closed plane in 
either of the two following ways. 
We can form a plane graph G1 from T by adjoining V00 as a new vertex 
and joining it to each end vertex ofT by a new edge. The map M(T) 
defined by G1 is uniquely determined by T. Each face of M(T) is bounded 
by an arc in T joining two consecutive end vertices u and v and by the 
edges joining u and v with V00 • 
In a second construction we employ a simple closed curve 0 which 
passes through all the end vertices of T in their natural cyclic order, 
and otherwise has the whole of T in its interior. We form a graph G2 
from T by adjoining as new edges the segments into which 0 is subdivided 
by the end vertices ofT. The map N(T) defined by G2 is also uniquely 
determined by T. It has an exterior face U which is the exterior of 0. 
Any other face is incident with two consecutive end vertices u and v 
ofT. It is bounded by the arc joining u and v in T and the edge of G2 
joining u and v in 0. 
We say that a given map M is vertex-rooted or face-rooted when a 
particular vertex or face is distinguished and called the root· vertex or 
root-face of M respectively. 
Let Xt be the class of vertex-rooted plane maps M satisfying the 
following conditions. 
(i) Each vertex of M is trivalent. 
(ii) The exterior face U, which contains V00 , has just one edge in 
common with each other face. 
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(iii) The number of faces of M, other than U, is i + l. 
(iv) The root-vertex is incident with U. 
If S E Wt it is cleat' that N(S) EXt. Suppose on the other hand that 
M E X 1 and that Sis the graph defined by all the vertices of M and all 
the edges not incident with U. Then condition (ii) implies that Sis con-
nected and has no polygon. It follows that S, taken with the root-vertex 
of M as its root, is a trivalent planted plane tree such that N(S)=M. 
We deduce that the equation N(S)=M defines a 1-1 correspondence 
between W t and Xt. 
Let Yt be the class of face-rooted plane maps M satisfying the following 
conditions. 
(v) Each face of M is a triangle. 
(vi) V00 is a vertex of M which is joined, by just one edge, to each other 
vertex. 
(vii) The number of vertices of M, other than V00 , is i+ l. 
(viii) The root-face is inCident with V00 • 
The relation of duality between maps establishes a 1--' 1 correspondence 
between Xt and Yt. 
Consider any map M E Yt. We may suppose a positive sense of rotation 
in the plane to be fixed. Let F be any face of M and E any edge of F. 
Then we say that the edge of F which immediately succeeds E in the 
positive s~nse of rotation around F is the F-successor of E, and the other 
edge ofF is the F-predecessor of E. The edge of the root-face P opposite 
V00 is the root-edge of M, We denote this edge by E0, and its common 
end-point with its P-predecessor by w. The map M has i + 2 vertices. 
Hence, by Euler's form~la it has 2i faces and 3i edges. Let us define 
an outer edge as an edge incident with V00 , and an inner edge as not outer. 
Let us also define a peripheral edge as an inner edge incident with a face 
having V00 as a vertex and a diagonal edge as an inner edge neither of 
whose incident faces is incident with V00 • In every case M has i + 1 outer 
edges. 
If i = 1 the only inner edge is Eo. If i = 2 the peripheral edges make 
up a simple closed curve P(M), and each is incident with just one triangle 
not having V00 as a vertex. In the latter case there are i + 1 peripheral 
edges and i- 2 diagonal ones. In what follows we shall assume that 
i;;;;. 2, unless it is specifically stated that i = l. 
Let E be an inner edge of M. We write O(E) for the simple closed 
curve (a triangle) made up of E and the two edges joining its ends to V00 • 
Let ft(E) be the face of M incident withE and on the same side of O(E) 
as the root-face, and let ).(E) be the other face of M incident with E. 
If E=Eo then ft(E) is the root-face, but in every other case ft(E) is not 
incident with V00 • 
Let F be any face of M not incident with V00 • The edges ofF, together 
22 Series A 
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with the three edges of M joining its vertices to V00 , partition the closed 
plane into four regions. One of these is F, and just one of the others 
contains the root-face. We deduce that F has a unique edge E 1 such 
that F =A(E1). If E2 is any other edge of F we have F = J.1(E2). 
Consider a face Jl(E), where the inner edge E =1= E 0• Let the edges be 
E, E' and E", taken in the positive sense of rotation around f.l(E). There 
are two possibilities: either p(E) =A(E') or p(E) =A(E"). We write L 
for the set of inner edges E =I= Eo for which the first alternative holds. 
Evidently the number of members of Lis the number of faces of M not 
incident with V00 , that is i- l. 
Fig. 1 
Let T be the graph whose vertices are the vertices of M other than 
V00 and whose edges are the members of L, together with E 0• We orient 
T, directing Eo from wand taking each other edge E ofT in the direction 
opposed to the positive sense of rotation around Jl(E). The construction 
ofT is illustrated in Figure 1, in which the edges ofT are thosemarked 
with arrows of orientation. 
Let v be any vertex ofT other than w. We show that some edge ofT 
is directed to v. We many suppose v not incident with Eo since otherwise 
the required result is obvious. Consider all the triangles incident with v. 
They form a region bounded by a simple closed curve D passing through 
V00 , by (vi). The other residual domain of Dis partitioned into triangular 
regions by edges of M radiating from V00 • One of these triangular regions 
contains the root-face. Let E be its edge opposite V00 • Then ).(E) is 
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incident with v and the A.(E)-predecessor of E belongs toT and is directed 
to v in T. 
Since T has i +I vertices and i edges, it follows that each vertex of T 
other than w has just one edge directed to it. Moreover no edge is directed 
to w. Accordingly T is a tree with all its edges directed away from w. 
Given any vertex v of T we can trace backwards a unique directed path 
from w to v. 
Let u0v be an edge ofT. Write A.o=A.(uov). If the third vertex of A.o is 
not V00 we denote it by UI and adjust the notation so that uoui is the 
A.o-predecessor of uov, as shown in Figure II. Then the directed edge 
uoui belongs to T and, since T is a tree, the edge UIV does not belong 
to T. Write AI= A.( UI v). If the third vertex of AI is not V00 we denote it 
by u2. Then the directed edge UIU2 belongs to T and the edge u2v is not 
in T. We write A.2=A.(u2v). Proceeding in this way we construct a sequence 
(A.o, AI, ••• , Ak) of faces of M incident with v. They are taken in the order 
opposed to the positive sense of rotation round v. The sequence terminates 
with the first triangle incident with the edge VV00 • We call this sequence 
of triangles the right sequence of uov. 
«:a. 
Fig. 2 
The vertices of At are Ut, UHI and v, where uk+1=V00 • The oriented 
edges uoui UIU2, .•• , Uk-IUk make up a directed path in T. We call it the 
left path of UoV in T. We note also that the edges UIV, u2v, ... , ukv do not 
belong toT. 
Considering the right sequence of Eo we find that w is monovalent 
in T. Hence Tis a planted tree with root w; it is a member of Zt. 
We thus have a mapping ft of Yt into Zt, defined by the equation 
/I(M)=T. 
It is clear that M can be derived from M(T) by subdividing the faces 
of M(T) into triangles. We now investigate this subdivision. 
Let F be any face of M(T). Its boundary consists of a path J(F) in 
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T and two edges joining the ends of J(F) to V00 • In J(F) there is .a unique 
vertex z(F) with the following property: either z(F)=w or z(F) is the 
second vertex of an edge A(F) of T not belonging to J(F), as shown in 
Figure III. The vertex z(F) subdivides J(F) into two directed paths 
J L(F) and J R(F) ofT, the first agreeing and the second disagreeing with 
the positive sense of rotation round F. We denote the ends of J L(F) 
by z(F) and aL(F), and those of J R(F) by z(F) and aR(F). Either J L(F) 
or J R(F), but not both, may degenerate into a single vertex. Degeneracy 
occurs if and only if z(F)·=W. 
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Fig. 3 
Consider the case in which J L(F) is not degenerate. Let E be any 
edge of J L(F), with first vertex u and second vertex v. If E=Eo the 
root-face lies in F. Then u is identical with w and is joined to V00 by an 
edge of M(T) incident with F. But vis not monovalent in T, since i;;;.2. 
It is therefore joined to V00 by an edge of M lying inside F. 
If E =1= Eo then p,(E) is outside F. Accordingly the triangles of the 
right sequence of E lie inside F. It follows that v is joined to v00 by an 
edge of M which is either incident with F or lies inside F. A second 
deduction is that the left path of E in T is part of the boundary of F. 
If u is joined to V00 by an edge of M incident with or inside F, it follows 
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that the left path of E in T degenerates to a single vertex. That is, the 
triangle of M incident with E and inside F has V00 as a vertex. This must 
happen for every edge of J L(F), with the possible exception of the first. 
A similar argument applies to any edge A ofT directed to a vertex y, 
F being replaced by the face H of M(T) in which the positive sense of 
rotation agrees with the orientation of A. It shows that the edge yv00 
of M either lies inside H or is incident with H in M(T). 
We apply this result to show that no vertex of J R(F), other than 
aR(F), is joined to V00 by an edge of M incident with or lying inside F. 
It follows that if E is the first edge of J L(F), then the left path of E in 
T is identical with J R(F). 
By virtue of these results we ~an describe the triangulation of F in 
M as follows. Let v(F) be the second vertex of J L(F). Then diagonals 
are drawn in F from v(F) to every vertex of J R(F) except the fir~t, and 
from V00 to every vertex of J L( F) except the first and last. (See Figure III.) 
There remains the case in which J L(F) is degenerate, that is Eo is the 
first edge of J R(F). In this case the triangles of the right sequence of 
Eo lie inside F. By an argument similar to the preceding one we deduce 
that the left arc of Eo inTis the part of J R(F) extending from the second 
vertex to the last. Hence F is triangulated by means of diagonals drawn 
from w. 
We can use the foregoing results to show that M can be reconstructed 
when the planted tree T = ft(M) is given. In the reconstruction we form 
M(T) and then we triangulate its faces in accordance with the rules just 
obtained. We deduce that ft is a 1-1 mapping of Yt onto a subset of Zt. 
It remains to show that for each planted tree T E Zt, where i > 2, there 
exists M E Yt such that T = ft(M). 
Let T be any member of Zt, with root w. Let Eo be the edge of T 
incident with w. We orient T, directing each of its edges away from w. 
Next we construct M(T). For each face F of M(T) we can define z(F), 
J(F), J L(F) and J R(F) as before. We triangulate each face F of M(T) 
in accordacne with the rules set out above. Let the resulting map be 
denoted by M. We take its root-face P to be the face incident with Eo 
whose positive sense of rotation disagrees with the orientation of E0 • 
It is readily verified that M satisfies conditions (v) to (viii), and so belongs 
to Yt. From M we form the planted tree ft(M), which we denote by S. 
We observe that w is the root of Sand Eo is the edge of S incident with w. 
We denote the face of M(T) containing P by F 0• It is triangulated 
by diagonals drawn from w. Consequently the part of J(Fo)=JR(Fo) 
extending from the s~Tld vertex to the last is the left path of Eo inS. 
It follows that J(Fo} iS part of S, and that the only edges of S incident 
with or contained in 'ffo are the edges of J(F0 ). · 
Consider a path K in T joining w ·to some other monovalent vertex u, 
as shown in Figure IV. Adjoining the edges of M which join w and u 
to Voo, we obtain a simple closed curve O(K). We denote the residual 
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domain of O(K) containing F 0 by R(K). We say that K is an admissible 
path if it has the following property: any edge of M belonging to O(K) 
or contained in R(K) is an edge of S if and only if it is an edge ofT. 
By the preceding result J(Fo) is admissible. We can therefore find an 
admissible path K so that the number of faces of M(T) contained in 
R(K) is as large as possible. 
Fig. 4 
Let A be the edge ofT incident with u, and let F u be the face of M(T) 
contained in the residual domain R'(K) of O(K) other than R(K). The 
vertex z(Fu) lies on K, and J L(Fu) is the part of K extending from z(Fu) 
to u. Let E be the first edge of J L(Fu), extending from z(Fu) to a vertex v. 
(See Figure IV.) 
Suppose first that z(Fu)o/=w, that is JR(Fu) is nondegenerate. In the 
triangulation of F u diagonals are drawn from v to all the vertices of 
JR(Fu), except z(Fu). It follows that JR(Fu) is the left path of E inS. 
Hence the whole of J(Fu) is inS and no other edge of M incident with 
or contained in Fu can belong to the treeS. Let K 1 be the path obtained 
by taking the part of K from w to z(F u) and adjoining J R(F u). Then 
K 1 is admissible and R(K1) contains more faces of M(T) than does R(K). 
But this is contrary to the maximality property of the admissible path K. 
We conclude that z(Fu)=w. This implies that Fu is the whole of 
R'(K). Since S and T have the same number of edges it follows that 
they are identical. 
This completes the proof that /i is a 1-1 mapping of Yi onto Zt. 
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Combining it with our 1-l mappings of W, onto Xt and Xt onto Y, 
we obtain the required l-1 mapping of Wt onto z,. The above reasoning 
does indeed exclude the case i= I. But that case is trivial since W1 and 
zl have just one member each. 
Thus we have exhibited a 1- I correspondence between all planted 
plane trees and trivalent planted plane trees. 
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